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Reﬂections on discriminating groups
Gilbert Baumslag, Benjamin Fine, Anthony M. Gaglione and
Dennis Spellman
(Communicated by D. J. S. Robinson)

Abstract. Here we continue the study of discriminating groups as introduced by Baumslag,
Myasnikov and Remeslennikov in [7]. First we give examples of ﬁnitely generated groups
which are discriminating but not trivially discriminating, in the sense that they do not embed
their direct squares, and then we show how to generalize these examples. In the opposite direction we show that if F is a non-abelian free group and R is a normal subgroup of F such
that F =R is torsion-free, then F =R 0 is non-discriminating.

1 Introduction
Recall that a group G is discriminating if it discriminates each group that it separates
(see Section 2 for a formal deﬁnition). Discriminating groups were introduced by
Baumslag, Myasnikov and Remeslennikov in [7] and play an important role in the
algebraic geometry over groups ([6]). In this theory it is important to know both
when groups are discriminating and when they are not discriminating. The object of
this paper is to continue the investigation of discriminating groups begun in [10] and
extended in [11], [12]–[16], [8], [19] and [22].
In [7] (also see [10]) it was proved that a group G is discriminating if and only if
G  G is discriminated by G. It follows immediately that if G contains an isomorphic copy of its direct square then G is discriminating. We call such groups
trivially discriminating, abbreviated to TD. The only previously known examples of
non-abelian ﬁnitely generated discriminating groups were groups such as Higman’s
universal group, which embed their direct squares, i.e., TD groups. In [10] it was
asked whether a ﬁnitely generated non-abelian discriminating group must be TD.
In Section 2 below we present non-abelian examples of ﬁnitely generated discriminating groups that are not trivially discriminating. The ﬁrst of these examples is
also ﬁnitely presented (see Theorem 1). We then show how to generalize these examples.
In the other direction, in Section 3 we prove that certain relatively free groups
over varieties (in the sense of [24]) of inﬁnite exponent are non-discriminating. In the
course of dealing with these relatively free groups we prove the following theorem
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which is interesting in its own right. Recall that a group G is a U-group if for every
pair of elements g; h A G and every positive integer n, g n ¼ h n implies that g ¼ h.
Theorem 6. Let F be a non-abelian free group, let R be a non-trivial, normal subgroup
of F and let V be a non-trivial variety of inﬁnite exponent. Suppose that F =R and
R=V ðRÞ are U-groups. Then the centralizer of an element of F =V ðRÞ which is not in
R=V ðRÞ is inﬁnite cyclic.

2 Non-trivially discriminating groups
In this section we ﬁrst present two classes of examples of groups which are discriminating but not trivially discriminating. In general, deﬁnitions and notation will be as
in [10] but in the interest of making this paper relatively self-contained, we repeat the
following given in [10]. After presenting these examples we show how they can be
generalized to yield further examples of discriminating groups.
Deﬁnition 1. Let G and H be groups. Then G separates H provided that to every nontrivial element h of H there is a homomorphism jh : H ! G such that jh ðhÞ 0 1, and
G discriminates H if to every ﬁnite non-empty set S of non-trivial elements of H there
is a homomorphism jS : H ! G such that jS ðsÞ 0 1 for all s in S. The group G is
discriminating provided that it discriminates every group it separates.
The following is the main criterion for determining whether a group is discriminating.
Lemma 1 (see [7] or [10]). A group G is discriminating if and only if G discriminates
G  G.
It is clear from Lemma 1 that if G  G embeds in G, then G is discriminating. If
this is the case then we say that G is trivially discriminating, which we abbreviate as
TD. In [10] it was asked if there are ﬁnitely generated non-trivially discriminating
groups. Before giving examples of these we give some further examples of discriminating groups that were not given in [10].
Lemma 2. Higman’s universal ﬁnitely presented group G ([17]) is discriminating.
Proof. Higman’s group G embeds every ﬁnitely presented group. Since G is itself ﬁnitely presented so is its direct square and hence the direct square embeds in G.
Lemma 3. The direct product of discriminating groups is discriminating.
Proof. Since each factor discriminates its direct square it is clear that the direct
product discriminates its direct square.
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Our next result gives an example of a discriminating non-abelian group which is not
isomorphic to its direct square.
Lemma 4. The free product of Higman’s universal ﬁnitely presented group and an inﬁnite cyclic group is a non-abelian group which is not isomorphic to its direct square but
is discriminating.
Proof. Suppose that H is Higman’s group and C is an inﬁnite cyclic group. Clearly
H  C is non-abelian and is trivially discriminating. To see that H  C is not isomorphic to its direct square, we refer to [21, Problem 22, p. 196].
So far all the examples of non-abelian discriminating groups were TD. The question arises whether there exist non-abelian non-trivially discriminating groups. We
present two classes of examples; we thank Peter Neumann for bringing them to our
attention. The groups in the ﬁrst are ﬁnitely presented. The second is a class of groups
studied by B. H. Neumann [23] which are non-trivially discriminating and ﬁnitely
generated but not ﬁnitely presented (see [5]).
To describe the ﬁrst class of groups, which we call G1 , let X be a non-abelian,
ﬁnitely generated, torsion-free nilpotent group of class 2 and let Y be one of the
inﬁnite simple groups Gn; r described by Graham Higman. (The books [2], [18] are
references for the properties of X and Y respectively.) The properties of X and Y
needed here are as follows.
(a) X and Y are ﬁnitely presented.
(b) X is residually ﬁnite.
(c) Every ﬁnite group is embeddable in Y .
(d) X is not embeddable in Y ; in fact a ﬁnitely generated nil-2 subgroup of Y is ﬁnite
by abelian.
(e) Y  Y  Y is embeddable in Y . (This follows from the fact that Vn; r G Vn; s in the
notation of [18] if and only if r 1 s modðn  1Þ.)
Our class G1 consists of the groups X  Y .
Theorem 1. Every group G A G1 is a non-abelian, ﬁnitely presented non-trivially discriminating group.
Proof. Let G A G1 . Clearly G is non-abelian and ﬁnitely presented. We must show that
G is discriminating but G does not embed its direct square.
Since G ¼ X  Y with X and Y as described above, to prove that G is discriminating it su‰ces to show that Y discriminates any group of the form W  Y  Y
where W is residually ﬁnite. This is su‰cient for then G ¼ X  Y will discriminate
its direct square and hence be discriminating. For this purpose let h1 ; . . . ; hn be
ﬁnitely many non-trivial elements of W  Y  Y . Write hi ¼ ðai ; bi Þ where ai A W
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and bi A Y  Y . Without loss of generality we may assume that ai 0 1 for
i ¼ 1; . . . ; m and ai ¼ 1 for i ¼ m þ 1; . . . ; n. Since W is residually ﬁnite there
exist a ﬁnite group V and a homomorphism a : W ! V such that aðai Þ 0 1 for
i ¼ 1; . . . ; m. By (c) above we may embed V in Y and so we get a homomorphism
b : W ! Y such that bðai Þ 0 1 for i ¼ 1; . . . ; m. Let g be the homomorphism
g : W  Y  Y ! Y  Y  Y deﬁned by gðw; y; zÞ ¼ ðbðwÞ; y; zÞ. Let d be an embedding of Y  Y  Y into Y , which exists by (e) above. Then j ¼ d  g is clearly a
homomorphism which maps W  Y  Y into Y such that jðhi Þ 0 1 for i ¼ 1; . . . ; n.
Thus Y discriminates W  Y  Y and it follows that G discriminates G  G. Thus G
is discriminating.
To show that G is non-trivially discriminating we must show that G  G is not
embeddable into G. Assume that there is an embedding
G  G ,! G:
Restricting the embedding to X  X , we get an embedding X  X ,! X  Y . Letting
A be the projection of X  X into Y , we get X  X c X  A, and so
X 0  X 0 c X 0  A 0;
where primes indicate commutator subgroups. But this tells us that, if h is the Hirsch
length of X 0 , then h c 2h c h since A 0 is ﬁnite by (d) above. This contradicts the fact
that X is non-abelian and torsion-free nilpotent and thus shows that G is not trivially
discriminating.
Our second class of non-trivially discriminating groups, which we will denote
by G2 , was introduced by B. H. Neumann in a di¤erent context [23]. Let
n ¼ ðn1 ; n2 ; . . .Þ be a strictly increasing sequence of odd positive integers with n1 d 5.
Let Lr ¼ f1; 2; . . . ; nr g and let Ar be the alternating group on Lr . In Ar consider the
two elements
xr ¼ ð123Þ;
In the unrestricted direct product

Q

r

yr ¼ ð12 . . . nr Þ:
Gr deﬁne

x ¼ ðx1 ; x2 ; . . .Þ;

y ¼ ðy1 ; y2 ; . . .Þ

and let
G ¼ Gn ¼ hx; yi J

Y

Gr :

r

In [23], B. H. Neumann proved that the restricted direct product D ¼ A1  A2    
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is a subgroup of G (see also [20, vol. 2]). The class G2 consists of all of the groups G
constructed as above.
Theorem 2. Each group G A G2 is a ﬁnitely generated non-trivially discriminating
group.
Proof. It is clear from the construction that each G A G2 is ﬁnitely generated. Baumslag and Miller subsequently showed [5] that these groups are not ﬁnitely presented.
As before we must show that each G A G2 is discriminating but that there is no embedding of G  G into G. Let g1 ; . . . ; gm be non-trivial elements of G  G. Since G is
residually ﬁnite there is a ﬁnite homomorphic image G0 of G  G in which none of
g1 ; . . . ; gm is mapped to 1. For su‰ciently large r the group G0 embeds in the alternating group AnðrÞ and AnðrÞ c D c G. Therefore there exists a homomorphism
j : G  G ! G for which jðgi Þ 0 1 for i ¼ 1; . . . ; m. Thus G is discriminating.
We now show that it is impossible for G  G to embed into G. To do this we
note the trivial fact that if a group G is an extension of a torsion group by an inﬁnite
cyclic group, then G  G cannot embed into G_ . Thus we prove that our group G is
torsion by cyclic. Let T be the normal closure of hxi in G. For each integer k d 0 a
product
z ¼ y mð1Þ x eð1Þ ymð1Þ . . . y mðkÞ x eðkÞ ymðkÞ
of k conjugates of xG1 is such that, for each r A N, at most 3k integers are moved by
the rth coordinate zðrÞ of z. Consequently, for all r A N, we can view zðrÞ as lying
in an isomorphic copy of the symmetric group S3k . Thus zð3kÞ! ¼ 1 and this is clearly
su‰cient for T to be a torsion subgroup of G. Since y has inﬁnite order, no positive
power of y can lie in the torsion subgroup T. Clearly G=T is inﬁnite cyclic, generated
by the image of y modulo T. We have therefore established that the ﬁnitely generated
groups of B. H. Neumann are not trivially discriminating.
The methods used in constructing these non-TD examples can be generalized via
the use of ascending unions of subgroups.
Theorem 3. Let U be the union of a properly ascending chain of subgroups
U1 < U2 <    < Un <   
and let

P¼

y
Y
i¼1

Ui

and

Q¼

y
Y

Ui

i¼1

be the unrestricted and restricted direct products of the subgroups Ui and view Q as a
subgroup of P. Then every subgroup G of P containing Q is discriminating.
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Proof. The proof of Theorem 3 is straightforward. To this end, let D ¼ G  G and let
d1 ¼ ða1 ; b1 Þ; . . . ; dk ¼ ðak ; bk Þ be ﬁnitely many non-trivial elements of D. Each element of G can be viewed as a sequence whose nth term is in Un . Since G contains Q
and the series of subgroups Uj is increasing, there exists an integer a such that all of
a1 ; b1 ; . . . ; ak ; bk are in Ua . We deﬁne now a homomorphism of D into G by projecting the ﬁrst coordinates of the elements of D to Ua and the second coordinates
to Uaþ1 . The upshot of this is that we have deﬁned a homomorphism y of G  G
into Ua  Uaþ1 . If we view Ua  Uaþ1 as a subgroup of G, then y becomes a homomorphism of G  G into G mapping the given elements d1 ; . . . ; dk non-trivially. This
completes the proof.
Theorem 3 can be used to recover the proofs for the examples of P. Neumann and
to obtain the fact that there exists continuously many non-isomorphic 2-generator
non-TD discriminating groups. In particular, let Ai be the alternating group of degree
i (as before) and let Gn be the subgroup deﬁned before the statement of Theorem 2.
Besides the fact already mentioned that Gn contains the restricted direct product of
the Ani , B. H. Neumann proved in [23] (see also [20, vol. 2]) that
Gs G Gt

if and only if

s ¼ t:

This implies that there are continuously many non-isomorphic 2-generator groups.
Theorem 3 then applies to these groups. Furthermore B. H. Neumann [23] proved
that the only ﬁnite normal subgroups of Gn are direct products of ﬁnitely many of
the Ani . This implies, since the alternating groups involved are all simple, that none of
the Gn are TD. As already noted, it has recently been proved that none of the groups
Gn is ﬁnitely presented (see [5]).
Corollary 1. The groups Gn are discriminating and further are not TD. Thus there exist
continuously many 2-generator non-TD discriminating groups.
Along these same lines we get the following result.
Theorem 4. Suppose that the group G is TD and that G discriminates the direct square
H  H of the group H. Then G  H is discriminating.
Proof. Observe that
ðG  HÞ  ðG  HÞ G ðG  GÞ  ðH  HÞ:
Since G is TD, there are three subgroups G1 , G 2 , G 3 of G each isomorphic to G
such that they generate in G their direct product. Moreover, if S is a ﬁnite set of
non-trivial elements of H  H, there exists a homomorphism a of H  H into G 3
which maps each of the elements of S to non-trivial elements of G1 . In addition,
there is an isomorphism b from G  G to G1  G 2 , thought of as a subgroup of
G. The pair of homomorphisms a, b can be simultaneously continued to a homo-
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morphism of ðG  GÞ  ðH  HÞ into G. It follows that G and hence G  H discriminates ðG  HÞ  ðG  HÞ, which completes the proof of Theorem 4.
The following corollary provides us with many examples of discriminating groups.
Corollary 2. Suppose that the group G contains a copy of every ﬁnite group. If G is TD
and H is residually ﬁnite, then G  H is discriminating.
Proof. In order to prove Corollary 2, it su‰ces to prove that G discriminates H  H.
Now H  H is residually ﬁnite. Hence given any ﬁnite set S of non-trivial elements of
H  H, there is a homomorphism of H  H into a ﬁnite group F which maps these
elements into non-trivial elements of F . Since F is embeddable in G, this homomorphism can be continued to a homomorphism of H  H into G which maps the
elements of S to non-trivial elements of G. This completes the proof of Corollary 2.
It follows that if the group G in Corollary 2 is ﬁnitely presented and if H is a ﬁnitely presented residually ﬁnite group which is not isomorphic to a subgroup of G,
then G  H is a ﬁnitely presented discriminating group which is not TD. So for example if G is one of the TD inﬁnite simple groups Vn; r described by Higman [18] and
H is a free nilpotent group of class 2, then G  H is a ﬁnitely presented, discriminating group which is not TD. This example is also due to Peter Neumann and we
thank him once again for allowing us to include it here.

3 Non-discriminating relatively free groups
In [10] it was originally proved that both non-abelian ﬁnitely generated free solvable
and non-abelian ﬁnitely generated free nilpotent groups are non-discriminating. Here
we prove some more general results on non-discrimination of relatively free groups.
Throughout this section we let V be a non-trivial variety of groups (here E denotes
the trivial variety). We begin with the proof of the almost obvious
Theorem 5. Let G be a group and suppose that the centralizer of every non-trivial element of G belongs to V. If there exist elements a; b A G such that H ¼ gpða; bÞ B V,
then G is not discriminating.
Proof. Let G1 and G 2 be isomorphic copies of G. If g A G, we denote the image of
g in Gi by gi for i ¼ 1; 2. Since H B V, there exists a law vðx; yÞ in V such that
vða; bÞ 0 1. Suppose that G discriminates G1  G 2 . Then there exists a homomorphism f : G1  G 2 ! G such that a1 f 0 1 and also vða2 ; b2 Þf 0 1. Let us put
a ¼ a1 f. Then the centralizer of a contains the image J of the copy H2 of H in G 2
which does not satisfy the laws of V. This completes the proof.
Now we prove a result which is of independent interest.
Theorem 6. Let F be a non-abelian free group, let R be a non-trivial, normal subgroup
of F and let V be a non-trivial variety of inﬁnite exponent. Suppose that F =R and
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R=V ðRÞ are U-groups. Then the centralizer of an element of F =V ðRÞ which is not in
R=V ðRÞ is inﬁnite cyclic.
The proof will be accomplished in four lemmas. First we need a ‘positioning’
lemma. We note that as a consequence of the work of Baumslag [3] the hypotheses
imply that F =V ðRÞ is a U-group.
Lemma 5. Let F be a free group and let R be a normal subgroup of F . Suppose that
F =R is a ﬁnitely generated free abelian group with free basis fu1 R; . . . ; um Rg. Then
there exists a free basis X ¼ W U Y of F where W ¼ fu1 d1 ; . . . ; um dm g, d1 ; . . . ; dm A F 0
and Y is contained in R.
Proof. To prove Lemma 5, suppose that F is free on a set Z ¼ fzj j j A Jg. Then there
exist a ﬁnite subset z1 ; . . . ; zn of Z such that
u1 ; . . . ; um A H ¼ gpðz1 ; . . . ; zn Þ:
Since u1 ; . . . ; um freely generate a free abelian group modulo R, it follows that they
generate, modulo F 0 , a direct factor of F . Therefore they generate a direct factor
of H modulo H 0 . Consequently there is an automorphism a of H=H 0 which maps
z1 H 0 ; . . . ; zm H 0 onto u1 H 0 ; . . . ; um H 0 . Now every automorphism of the ﬁnitely generated free abelian group H=H 0 is induced by an automorphism of H. This implies
that there is a second set w1 ; . . . ; wn of free generators of H such that wi is congruent
to ui modulo H 0 for i ¼ 1; . . . ; m. In other words,
w 1 ¼ u 1 d1 ; . . . ; w m ¼ um dm ;
where each di A H 0 . Now observe that
W U Z  fz1 ; . . . ; zn g U fwmþ1 ¼ zmþ1 a; . . . ; wn ¼ zn ag
freely generates F . Let us set
V ¼ ðZ  fz1 ; . . . ; zn gÞ U ðfwmþ1 ; . . . ; wn gÞ ¼ fvl j l A Lg:
Since W generates F modulo R, each vl can be expressed in terms of the elements of
W modulo R, i.e., using functional notation we have
vl ¼ fl ðw1 ; . . . ; wm Þrl ;

with rl A R:

Now put
Y ¼ fv1
l fl j l A Lg:
Then Y is a subset of R and X ¼ W U Y freely generates F , as required.
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We notice, adopting the notation and hypothesis above, that R is the normal closure in F of Y together with the derived group of F and that W freely generates,
modulo R, the free abelian group F =R.
We continue to adopt the notation and hypothesis of Theorem 6.
Lemma 6. Suppose that a and b generate, modulo R, a free abelian subgroup of F . Then
aV ðRÞ and bV ðRÞ do not commute.
Proof. Without loss of generality we can assume that F ¼ gpða; b; RÞ. Then F =R is
free abelian on aR and bR. So, by Lemma 5, we can ﬁnd a free basis X ¼ W U Y for
F where W ¼ faa 0 ; bb 0 g with a 0 ; b 0 A F 0 . Let now E be the subgroup of F generated
by W . Then E is free on W . Furthermore, let f be the homomorphism of F onto E
deﬁned by mapping all of Y to the identity and W identically onto itself. If we put
S ¼ Rf, then S ¼ E 0 and therefore V ðSÞ ¼ V ðE 0 Þ. It follows that D ¼ E=V ðSÞ is
free of rank 2 in the product variety VA, where here A consists of the variety of all
abelian groups and this composition is the product of varieties (see [24, Chapter 2]).
It also follows that a two-generator non-abelian group of order p 3 (with p a prime) is
a quotient group of D. Indeed, let G be a two-generator non-abelian group of order
p 3 . Let z be a non-trivial central element of G. Then since V contains the inﬁnite
cyclic group and hzi is a homomorphic image of the inﬁnite cyclic group, hzi lies in
V. Thus G is an extension of a group in V by an abelian group; note that G=hzi is
abelian. So G A VA and thus is a homomorphic image of D.
Now f induces a homomorphism f of F =V ðRÞ onto E=V ðSÞ. It follows therefore
that there exist a prime p and a homomorphism y of F =V ðRÞ onto a non-abelian
group P of order p 3 . Since aa 0 and bb 0 generate E, ðaa 0 Þy and ðbb 0 Þy generate P. Since
the Frattini subgroup of a nilpotent group contains the derived group, ay and by
generate P and therefore they do not commute. Consequently, neither do the images
of a and b. This completes the proof of Lemma 6.
Next we prove
Lemma 7. If an element tV ðRÞ A F =V ðRÞ commutes with a non-trivial element of
R=V ðRÞ, then t A R.
Proof. Suppose the contrary. We may assume that F ¼ gpðt; RÞ, where t is of inﬁnite
order modulo R. It follows from a theorem of Wagner [25] (see also Federer and
Johnson [9]) that there is a free basis for F which takes the form
ftg U Y ¼ f yi j i A I g;
with the property that R is the normal closure of Y . Put
yi; j ¼ tj yi t j

ði A I ; j ¼ 0;G1;G2; . . .Þ:

Then R=V ðRÞ is a free V-group, freely generated, modulo V ðRÞ by the elements yi; j .
Suppose that w A R and that t1 wt ¼ wV where V A V ðRÞ. Express wV ðRÞ as a word
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in the free generators yi; j V ðRÞ of R=V ðRÞ. Choose n su‰ciently large to ensure that
the second subscripts that appear on conjugating wV ðRÞ by t n V ðRÞ do not appear
in wV ðRÞ. Now we have tn wt n V ðRÞ ¼ wV ðRÞ. We now deﬁne a homomorphism
s of R=V ðRÞ into RV =ðRÞ by mapping all of the generators that arise in the word
tn ut n V ðRÞ to the identity and all other generators to themselves. Then wV ðRÞs is
simultaneously wV ðRÞ and the identity. This is possible only if w A V ðRÞ, which completes the proof of Lemma 7.
Lemma 8. The centralizer C=V ðRÞ of an element aV ðRÞ in F =V ðRÞ, where a B R, is
cyclic.
Proof. We can assume at the outset that F ¼ CR. By Lemma 7 we have
C V R c V ðRÞ, i.e., C V R ¼ V ðRÞ. Therefore the canonical homomorphism of
C=V ðRÞ onto CR=R ¼ F =R is a monomorphism. Suppose that aV ðRÞ commutes
with bV ðRÞ; then from Lemma 6, these two elements generate a cyclic group. Similarly, if aV ðRÞ commutes with cV ðRÞ, these two elements generate a cyclic group.
Since F =R and R=V ðRÞ are U-groups, it follows that C=V ðRÞ is abelian and hence
locally, inﬁnite cyclic. It follows that R=V ðRÞ is not a torsion group and hence since
V has inﬁnite exponent that V ðRÞ c R 0 c F 0 . Now
F =R ¼ CR=R G C=C V R ¼ C=V ðRÞ:
This implies that there is a canonical homomorphism of C=V ðRÞ into F =F 0 obtained
by mapping C identically into F and then taking its image modulo F 0 . Since C=V ðRÞ
is locally cyclic this means that either C=V ðRÞ is inﬁnite cyclic or C c F 0 . However
C c F 0 implies that C c R, which in turn implies that F ¼ R, a contradiction. This
completes the proof of Lemma 8 and therefore also that of Theorem 6.
We now show that certain general relatively free groups are non-discriminating.
Theorem 7. Let F be a non-abelian free group and let R be a non-trivial, normal subgroup of F such that F =R is torsion-free and contains a free abelian group of rank 2.
Then F =V ðRÞ is not discriminating.
Proof. In order to prove Theorem 7 we need to observe that during the course
of the proof of Theorem 6 we showed that there is a free subgroup E of F
of rank 2 and a normal subgroup S ¼ E 0 of E such that E=V ðE 0 Þ is a
quotient of F =V ðRÞ. Now E=V ðE 0 Þ does not belong to the variety V. To see
this, suppose the contrary. Then V ðEÞ J V ðE 0 Þ and thus V ðEÞ ¼ V ðE 0 Þ. Now
Fo ðVÞ ¼ E 0 =V ðE 0 Þ ¼ E 0 =V ðEÞ c E=V ðEÞ ¼ F2 ðVÞ. From the facts that every
variety is generated by its free group of inﬁnite rank and that Fo ðVÞ c F2 ðVÞ
we conclude that V is generated by F2 ðVÞ. Now E=V ðEÞ ¼ E=V ðE 0 Þ. Thus
F2 ðVAÞ A V. So by [4, Theorem 3], VA is generated by F2 ðVAÞ. But clearly
V J VA and since F2 ðVAÞ A V we must also have VA J V. So VA ¼ V. But
VE ¼ V. This contradicts the uniqueness of factorization in product varieties. (See
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[24, Theorem 23.32].) Thus V ðE 0 Þ ¼ V ðEÞ is impossible and so E=V ðE 0 Þ does not
belong to the variety V. Theorem 5 and Theorem 6 can now be invoked, thereby
completing the proof of Theorem 7.
The next result is an easy consequence of Theorem 6 together with Theorem 5.
Theorem 8. Let F be a non-abelian free group and let R be a non-trivial, normal subgroup of F such that F =R is a U-group. Then F =gc ðRÞ is not discriminating for every
c > 1, where gc ðRÞ denotes the c-th term of the lower central series of R.
Proof. By Theorem 6 there exist elements in F =gc ðRÞ whose centralizers are inﬁnite
cyclic. Moreover, the centralizer in F =gc ðRÞ of a non-trivial element in R=gc ðRÞ is
contained in R=gc ðRÞ and hence is nilpotent of class at most c. The fact that centralizers in F =gc ðRÞ can be cyclic implies that F =gc ðRÞ is not nilpotent. These remarks
show that Theorem 5 applies and the desired result follows.
We come now to the penultimate theorem.
Theorem 9. For all su‰ciently large primes p, the non-abelian free groups G in the
variety of all groups of exponent p are not discriminating.
Proof. Since Adian [1] proved that the centralizers of the non-trivial elements in the
groups G involved here are cyclic, Theorem 5 applies with V the variety of abelian
groups and a; b A G such that ½a; b 0 1. (This result also follows from [10, Proposition
1.9], since these groups are non-abelian and commutative transitive.)
Finally we consider the simple case of free products of non-discriminating groups.
Theorem 10. The free product of two groups, neither of which is discriminating, is not
discriminating.
Proof. Let A and B be non-discriminating groups. We may assume that A is not commutative transitive and, in particular, non-abelian. Suppose that a1 and a2 are noncommuting elements of A. Let G ¼ A  B. By the Kurosh subgroup theorem (see
[21]), if H and K are non-trivial subgroups of G which commute elementwise and
hH; Ki is not cyclic, then they must lie in a conjugate of either A or B. Since A is
non-discriminating there is a ﬁnite set of non-trivial elements fðx1 ; y1 Þ; . . . ; ðxm ; ym Þg
in A  A such that no homomorphism from A  A into A fails to map to 1 all of these
elements. Similarly, there is a ﬁnite set of non-trivial elements fðw1 ; z1 Þ; . . . ; ðwn ; zn Þg
of B  B such that no homomorphism from B  B into B fails to map to 1 all of these
elements. Consider the set of all these elements as well as ða1 ; 1Þ, ða2 ; 1Þ, ð½a2 ; a1 ; 1Þ,
and ð1; b1 Þ as members of G  G, where b1 A Gnf1g. Any homomorphism j into G
which does not map to 1 any of the elements in this set must map G  G into a conjugate of either A or B. To see this, note that we have guaranteed that neither the
image of G  1 nor the image of 1  G is trivial. Moreover, since the image of the
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commutator is also non-trivial the image of G  G ¼ hjðG  1Þ; jð1  GÞi is not
cyclic. The fact that jðG  GÞ lies in a conjugate of a free factor now follows from
the initial observation using the Kurosh subgroup theorem. This would then yield a
map from the square of the factor to the factor which did not map to 1 any of the
given elements in that factor, contradicting the choice of elements. Hence G ¼ A  B
is, as claimed, non-discriminating.
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